Classical Wheeler-DeWitt field with an intrinsic curvature scalar R (3) ∝ 1 ζ 2 is presented as a geometric scalar field. The corresponding gauge field is the unified field of the electromagnetic field and the gravitational field. In both theories, the quantum with definite 3-metric has definite energy but does have definite momentum only in the zero-gravity limit.
INTRODUCTION
The Wheeler-DeWitt equation is taken without a matter field and re-interpreted as a classical field equation. One of the motivations for re-interpretation is that classical particles have unique trajectories x(t) and matter fields exist in a particular geometry of space-time. But quantum particles do not have a unique path. In the same way, quantized matter fields may not live in welldefined geometry g µν . Although such re-interpretation is not new and has been attempted [1] three-four decades ago. But in such attempts, when one adds matter field along with the gravitational field and re-interprets then, it suffers through both conceptual and mathematical issues. Conceptually, if already matter field φ exists in Φ(φ, q ab ) then what is Φ? In such theories, Φ Usually describes a particular Universe and therefore the scope of such theories is Multiverse. Mathematically, it is the second quantization for the gravitational field but it is the third quantization for matter fields.
In this paper, the field Φ is defined only over the space of 3-metric also called superspace. This field Φ describes the geometric scalar field or it can be also called the scalar field over curved geometry. Because on one hand it satisfies ADM constraints for pure gravity and on another hand, it has well defined local stress-tensor. The scope of this paper is limited to an intrinsic curvature of type R (3) ∝ 1 ζ 2 for which there is a one-to-one correspondence between standard scalar field and geometric scalar field Φ. Re-interpretation also resolves the problem of time for this theory. The gauge field A µ is also defined over the superspace and has spin 2. This gauge field is interpreted as the unified field of the electromagnetic field and gravitational field. The gauge field also justifies the interpretation of Φ as a geometric scalar matter. Both fields Φ and A µ contain corresponding standard theories in zero gravity limit. The quantization is the second quantization. In both quantum theories, it was found that the Hamiltonian operator and the momentum operator share common eigenstates only in zero gravity limit.
The classical theory of the geometric scalar field is done in the second section. A comparison with the Klein-Gordon theory is done in the third section. Canonical quantization is done in the forth section. The classical and quantum gauge field theory is discussed in the fifth section. The last section is devoted to results and interpretation.
Note: R (3) is the Ricci scalar on 3-manifold of the ADM theory. (ζ, ζ A ) is the DeWitt superspace over which fields are defined.
CLASSICAL THEORY
The classical field equation is defined as
constraint equation gets recovered in terms of DeWitt co-ordinates. The action functional for the field defined 1 is assumed to have the form
With
Dζ is suitable measure over 6D manifold. Quantities defined above are taken from DeWitt's seminal paper [2] . Invariance of an action under variation of ζ µ := (ζ, ζ A ) give conserved quantities (can also be found in [1] )
For now assume ζ as time and perform Legendre transformation to get the Hamiltonian
= ∂Φ ∂ζ with L being Lagrangian density. The conserved quantity corresponds to ζ is interpreted as the energy of the field Φ
For V < 0, the Hamiltonian would not have lower bound. Therefore, introduce λΦ 4 with some λ > 0 in order to maintain the Hamiltonian to be positive definite.
This shows that quadratic coupling will be positive regardless of signature of 3-Ricci scalar and justifies ζ being considered as the time. Here, R (3) should be taken proportional to 1 ζ 2 . This is because the domain of interest is the relationship between scalar matter and gravitational field only. Usually, the standard scalar field theory is generalized to curved space-time by taking
The Ricci curvature scalar R (3) and cosmological constant Λ are not on equal footing. The former one has quadratic coupling whereas the latter one contributes to the vacuum. Therefore, restrictions on the relative signature of R (3) does not leads to restriction on the signature of Λ.
Comparison with ADM theory
In ADM theory, N , N a and q ab defined over four dimensional space-time manifold. Solutions of field equations give a particular space-time. Energy is defined only in asymptotically inertial frame and the Hamiltonian is zero. Whereas in this theory, Φ is defined over six dimensional manifold (G abcd , M ) (refer [2] ) and satisfies ADM constraints. Every point in the space represents a particular space-time geometry. The theory has well defined local stress tensor. Φ propagates only along time-like ζ ≥ 0 direction. For ADM theory also it means restrictions on the time evolution. On Φ ≈ e ±iP ab q ab (i.e., single space-time like interpretation), existence of V ≥ 0 mean restrictions on the extrinsic curvature (through P ab ) which gives time evolution.
LINEARIZED WHEELER-DEWITT FIELD AND K-G FIELD
This section is divided into two parts. In the first part, full six dimensional superspace is linearized. In the sec-ond, four dimensional linear subspace is considered.
Gravitational waves
Define q ab := δ ab + h ab with δ ab >> h ab . SL(3, R)/SO(3, R) superspace ζ A := (r 1 , r 2 , θ 1 , θ 2 , θ 3 ) has three compact and two non-compact co-ordinates.
The factor 32 3 is absorbed inside co-ordinates. Using Iwasawa decomposition SL(3, R)/SO(3, R) can be written in terms of
(10) r 1 and r 2 produce deformations along axes by preserving volume. Whereas other three are deformations along respective plane. The first matrix describe +-polarised wave. To see this, assume ζ = r 1 .
But Φ oscillate with r 1 . Oscillations along axes are such that the volume is preserved. Similarly, the second matrix describe ×-polarized wave.
Four dimensional subspace
The boundary of five dimensional superspace is compact three dimensional subspace (θ 1 , θ 2 , θ 3 ). The De-Witt metricḠ AB is diagonal with constant entries which can be taken care of by re-defining co-ordinates. Asymptotic symmetries of this space are discussed in [3] . The superspace is linearized by using transformation A67 of [2] . It is obvious yet important to mention that curvatures of the physical space-time namely intrinsic curvature R (3) and extrinsic curvature K does not change under these transformations. Although, the superspace looks like Minkowski space-time, the length element dl 2 = dθ 2 1 + dθ 2 2 + dθ 2 3 is not Euclidean. More discussion on this can be found in [3] , section II.
• R (3) = 0:
Φ is the Klein-Gordon field on R × S 3 . Assuming small domain of S 3 to be asymptotically flat, we get standard massless Klein-Gordon field in the Minkowski space-time.
ζ 2 is introduced, the Wheeler-DeWitt equation reduces to Klein-Gordon equation for massive scalar field on R × S 3 .
m now can be interpreted as the mass of scalar field. For full classical Wheeler-DeWitt theory, it can be interpreted that ∂Φ ∂ζ plays a role ofφ, ∇φ gets generalized to ∂ A Φ and mass is generalized to intrinsic geometry.
Comparison with ADM theory
Assume static space-time and asymptotically inertial frame i.e. the lapse function N = 1 and shift vector N a = 0. The trace of Einstein field equation is
with C > 0 constant for normal matter. Assume the free scalar field observed in a certain frame is staticφ = 0 and constant everywhere ∇φ = 0. Then C = m 2 . In the scalar field theory, m 2 < 0 is related to Tachyons. But here geometric viewpoint is offered. m 2 < 0 could be due to 3-Ricci scalar being positive and hence such geometry condensates to get mass.
QUANTUM THEORY
Presence of singularities often show limitations of the theory. Quantum effects assumed to take over the classical effects in this region. In order to check if corresponding quantum theory resolves those singularities, the quantum theory is done. Quantization is done in the superspace and not in its Fourier space. There are two reasons for this. The first one is that, in the ADM theory 3-metric, lapse function and shift vector are functions of (t, x) after field equations are solved. If we go to Fourier space of (ζ, ζ A ), how (k 0 , k A ) relate to (t, x) is not clear. Therefore it would be difficult to compare results. Another reason is that non-linearities of the superspace makes it difficult to completely convert Wheeler-DeWitt equation into its Fourier analogue.
Define vector-valued annihilation and creation operators
n A is a unit vector i.e.,Ḡ AB n A n B = 1 and normal to 5 dimensional surface. ω ζ, ζ A is a solution to the Riccati
First three terms along with the last term contributes to the Hamiltonian which is going get evaluated at ζ A = ζ ′ A . The forth and the fifth contributes to the commutator. It is symmetric in ζ A and ζ ′ A and therefore can be interchanged. The second bracket
The last term can be re-written as
Integral of the first term on the right hand side is surface Integral. Assume it to vanish on the surface. Then
Now ω ∈ R is chosen which is the solution to following Riccati equation
Finally,
When ζ = ζ ′ (i.e. for the Hamiltonian), the coefficient of the quadratic coupling term becomes V (ζ, ζ). It is important to note that the metricḠ AB is symmetric.
Since operators a and a † are vectors in the superspace, there is dot operation between them in the commutation relation. The only non-trivial commutator is obtained as following
Since this is quantization of geometry, the Planck energy ε Pl appears in stead of . There are two distinct regions. The one in whichâ plays a role of annihilation operator but in the another region, the same operator plays a role creation operator. Writing the Hamiltonian operator in the discrete space
Discarding the second vacuum term and writing the Hamiltonian operator in terms of number operatorn
The scalar quanta follow 'time-like' geometries i.e. R (3) < 0 given by 
any k-th state can be obtained by using creation operator
The state represents k number of quantum with (ζ, ζ A ). The state is five component object in five dimensional superspace. The solution ω ∈ R is required for selfadjointness of the Hamiltonian. The Fock space can be obtained as (keeping α > 0 in mind) |k 1 ζ, ζ1 , k 2 ζ, ζ2 , ..., k n ζ, ζn (28)
Index A is omitted assuming |k 1 ζ, ζ is a five component object in the superspace. The inner product is defined as
Discussion
Momentum: The momentum is defined using stress tensor 5 does not share common eigenstates with the Hamiltonian operator. Therefore the quantum with a particular 3-metric does not have well-defined momentum at the quantum level. This happens due to nonlinearity of the theory and not because of quantization done in the superspace (ζ, ζ A ). Singularities: Apply the theory to both Schwarzschild space-time and FLRW κ = 0 space-time and take trivial solution ω = 0
• FLRW κ = 0 geometry It can be easily observed that the frequency of the quantum gets red-shifted with time ζ. If it is evolved backwards, the energy hits the singularity. But if the energy of the Universe is assumed to be finite, say E U . Then the Universe might have began at
Unless compared with ADM theory, the theory itself has no reference to the volume of the Universe.
• Schwarzschild geometry
Because the space-time is static, set ζ = 1 and ζ A = f imply ζ C = 1 f . The DeWitt metric can be calculated from [2] Ḡ AC ∝ f 2 and without loss of generality it can be set equal to f 2 . The unit vector n A = 1 √ det G . These quantities make n AḠ AC ζ C = 1. is used to infer energy scale for a black hole and nowhere mass or radius of event horizon is assumed or used.
Linearized Theory
The Hamiltonian operator for the theory which is linearized in the classical section is a standard Hamiltonian operator for the scalar field.
with ω k = | k| 2 + m 2 . Creation and annihilation operators are defined in a standard way. The momentum operator is obtained aŝ
The momentum operator shares common eigenstates with the Hamiltonian operator. The particle with definite energy have definite momentum.
THE GAUGE FIELD
The solution to [2] could be complex in general. Therefore the topic is incomplete without studying complex geometric scalar field.
Classical theory
The action functional for the complex scalar field can be written as
The theory has charge 
A single complex geometric scalar field can be thought of a linear combination of two real geometric scalar fields. Under local gauge transformations field transform as
It can be easily seen that the vector field changes the momentum of the charged geometric scalar field. Taking lessons from standard electrodynamics, the gauge invariant action for the vector field can be written as
The momentum conjugate to A A is defined as
Hamiltonian for this field can be easily obtained by using Legendre transformation
The component A 0 is not independent.
Π 0 is primary gauge and ∂ i Π i ≈ 0 is secondary gauge. The constrained Hamiltonian then can be written by removing this term. The number of degrees of freedom for this theory are 6 − 2 = 4. In absence of source, field equations become
These equations can be explicitly written as
And Bianchi identity gives
Where E A = F 0A and B A = ǫ ABC F BC is assumed. ǫ ABC = ǫ ABC is completely anti-symmetric matrix involving 0, +1, -1. E A and B A both satisfy Wheeler-DeWitt equation with R (3) = 0. The electric field has five components but magnetic field has ten components. Invariance of the action under ζ µ → ζ µ +δζ µ gives stressenergy tensor
Discussion
Because of the correspondence between the geometric scalar field and the standard scalar field, the charge is assumed as an electromagnetic charge. The gauge field A µ have 4 degrees of freedom representing spin-2 field. It propagates in the superspace (r 1 , r 2 , θ 1 , θ 2 , θ 3 ). On the boundary (θ 1 , θ 2 , θ 3 ), the field have 2 degrees of freedom. In the limit r 1 , r 2 → ∞, five dimensional superspace reduces to three dimensional. Now on one hand, the field in this limiting case cannot be interpreted as spin-1 field. On another hand, the theory is identical to spin-1 field which has standard electromagnetic field as consistent zero gravity limit. The only solution to this issue is that one of two pairs either (2, ±2) or (2, ±1) should decay as they propagate towards such boundary. Amongst these two pairs (2, ±1) cannot decay to photons or scalar quanta directly. Therefore, this pair is the most stable and each of (2, ±2) can decay to give pair of photons.
Quantum theory
The quantization is done again in the superspace and not in its Fourier space for the same reason mentioned in the quantization of geometric scalar field. Define Π i := G ij Π j for convenience.
The commutation relations between field variables is obtained by following standard electrodynamics. These commutators are defined in such a way that they satisfy constraints as well.
This shows that there are only four independent sets of variables. Define tensor-valued creation and annihilation operators
and F ij both are real anti-symmetric matrices. Therefore, F T ij = −F ij and F T 0i = −F 0i . The unit vector n i normal to 5 dimensional surface such that n iḠ ij n j = 
Here ζ l := 1 ζ l and n l = n kḠ kl . Then the Hamiltonian in discrete space is
Removing the vacuum term and writing the Hamiltonian in terms of number operatorn
The vacuum state is the one which is annihilated by an annihilation operatorâ ij . Any other k-th state can be obtained by acting creation operator k-times on the vacuum. The quantum state |k ζ, ζ ij is tensor-valued with respect to 5 dimensional superspace. The inner product is defined as
The construction of the Fock space is similar to that of the geometric scalar field with the difference that, the state is now a tensor-valued satisfying above inner product.
It is difficult to find eigenstates of the momentum operator in the superspace. Instead try out the momentum operator along unit vector n î
Even this operator is not a self-adjoint operator on this superspace. But it can be shown that in the zero gravity limit, this operator is self-adjoint in the Fourier space of the superspace.
Discussion
Here also, the quantum with a particular 3-metric of definite energy does not have definite momentum and in asymptotically flat space-time limit, the quantum of definite energy has definite momentum. Although creation and annihilation operators are tensor-valued, only four pairs of conjugate variables are independent. Therefore, only four type of quanta exist in the theory. The quantum of the gauge field have similar energy spectrum that of the geometric scalar field with R (3) = 0 differing only with the numerical constant. 2 √ 2 ε Pl ζ n l ζ l is the energy of a quantum with 3-metric of 'unit volume'. These quanta follow null geometries i.e. R (3) = 0 given by
is the length element on fivedimensional superspace. Null geometries are 45 0 lines on ln ζ Vs l.
RESULTS AND INTERPRETATION
The relationship between ADM theory and the framework presented in this paper is somewhat similar to that of the relationship between the special theory of relativity and quantum field theory. Every geometric quantum obeys ADM constraints. Φ is interpreted as a geometric scalar field and the quantum of the field A µ is interpreted as a unified field of the electromagnetic field and gravitational field. Every point in the superspace (ζ, ζ A ) represents a particular geometry. The field Φ has intrinsic geometry but the gauge field A µ does not have intrinsic geometry. Both fields obey the Wheeler-DeWitt equation and have well-defined stress tensor. The Planck scale quantization is a result of quantization and not an assumption. What is measured is the 3-metric and not the position of the quantum. If the quantum state is prepared in the superposition of several 3-geometries, once the measurement (of the 3-metric) is performed, a particular 3-geometry will be observed. Quantum mechanically, there is no limit on how fast the quantum can change its geometry because energy eigenstates are not momentum eigenstates. But when gravitational effects are negligible, i.e. in the linearized theory, the quantum of definite energy would have definite momentum.
For the geometric scalar field, there are two distinct domains of opposite quantum evolution. The quantum state is vector-valued. The theory applied to the FLRW flat Universe model shows that the energy of quantum gets red-shifted with time which is the re-statement of expanding Universe. The Universe with finite energy should have begun at finite non-zero ζ. Application to Schwarzschild space-time shows the possibility of the existence of the Planck scale black hole. The theory sets upper bound on f max . The energy of a black hole is proportional to its area. Because √ f is dimensionless length. The quantum of the gauge field is the graviton with four states of polarization. The theory has two stable gravitons of spin (2, ±1) and each of (2, ±2) graviton can decay on the three-dimensional boundary of fivedimensional superspace to give pair of photons. Unlike the geometric scalar field, quanta of the gauge field do not have intrinsic geometry.
